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Abstract. We consider polynomials that are orthogonal over an analytic Jordan curve L with respect 
^ ■ to a positive analytic weight, and show that each such polynomial of sufficiently large degree can be 

' expanded in a series of certain integral transforms that converges uniformly in the whole complex plane. 

, This expansion yields, in particular and simultaneously, Szego's classical strong asymptotic formula and 

^ ' a new integral representation for the polynomials inside L. We further exploit such a representation to 

^ I derive finer asymptotic results for weights having finitely many singularities (all of algebraic type) on a 

thin neighborhood of the orthogonality curve. Our results are a generalization of those previously obtained 
in [7] for the case of L being the unit circle. 



> 



1. Introduction and statements of the results 

<. 

, The study of polynomials orthogonal over a closed rectifiable curve of the complex plane was initiated 
by Szego in [20|, and later continued by Szego himself and such authors as Smirnov, Keldysh, Lavrentiev, 
Korovkin, Suetin and Geronimous (see [T7| for references and an overview of the developments until 
1964). Polynomials orthogonal over several arcs and curves have also been studied, for instance (and 
without being exhaustive), by Akhiezer [1], [2], Widom [21], Aptekarev [3|, Peherstorfer and coauthors 
[9], [To], [Tl], [T2], [13], and for an orthogonality measure with finitely many point masses outside the 
curve/arc, by Kaliaguine [5], [6]. 

Among the central questions that are often investigated figure the asymptotic behavior of the orthogo- 
\^ I nal polynomials and the distribution and location of their zeros. In this regard, the case of a closed curve 
■ has the peculiarity (not observed in that of an open arc) that the interior of its polynomial convex hull 
is non-empt}Q, giving more freedom of distribution to the zeros of the polynomials, and consequently, 
CN I making the behavior of the polynomials themselves much less clear. The results of the present work 
clarify this question to a substantial extent for a single closed curve under analyticity conditions, 
i Let Li be an analytic Jordan curve in the complex plane C and let h{z) be an analytic function in 
a neighborhood of Li such that h{z) > for all z E Li. Using the Gram-Schmidt orthogonalization 
- process, we can form a unique sequence {j'n(-2)}^0 °^ orthonormal polynomials over Li with respect to 
I h{z), i.e., satisfying 

I Pn{z) = ^nZ^ + lower degree terms, 7„ > 0, n > 0, (1) 

i{pn{z)lU^)Kz)\dz\ = [l itZ. (2) 

In what follows, we are concerned with the asymptotic behavior of these polynomials as their degree 
n becomes large. With this generality, essentially the only known result is Szego's strong asymptotic 
formula 



p„(z) = Ae(z;/i)y(/>'(z)[0(z)r[l + o(l)]. (3) 

Here is the conformal map of the exterior of L\ onto the exterior of the unit circle satisfying 
that </>(oo) = oo, 4>'{po) > 0, Ae{z;h) is the so-called exterior Szego function for the weight h, and ([3]) 
holds locally uniformly as n ^ oo on any open set fip D f^i that is conformally mapped by (j) onto the 
exterior of a circle about the origin of radius p < 1, and is such that Ae(z; h) is analytic on Q.p (see next 
subsection for details). 



^A well-known result by Widom [22] asserts that the zeros must accumulate, in the limit, on the polynomial convex hull of 
the support of the orthogonality measure. 
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For h{z) = 1, this formula was established by Szego in his paper [20] of 1921, while for an arbitrary 
positive analytic weight, it first appears in Chap. XVI of the first edition of his book [19] of 1939. So 
far as this writer can learn, progress in understanding the asymptotic behavior of pniz) at the remaining 
points of the complex plane, that is, for z £ C \ Qp, has only been made in the specific case of Li 
being the unit circle, the strongest result having being obtained recently in [7]. Here the authors use the 
Riemann-Hilbert approach for the asymptotic analysis of orthogonal polynomials to derive, for each Pn{z) 
of sufficiently large degree, a series expansion in terms of certain recursively generated Cauchy transforms. 
This important result yields at once Szego's asymptotic formula and an integral representation for Pn{z) 
inside the unit circle, from which it is possible to distill the precise behavior of the polynomials under 
additional assumptions on the first singularities encountered by the exterior Szego function. This has 
been done in [7] for finitely many polar singularities, as well as for two examples of an isolated essential 
singularity. Earlier related works (e.g., [18j) are briefly described in the introduction of [7]. 

In the present paper we extend the expansion of [7J to an arbitrary analytic curve. Our proof is not 
based on the Riemann-Hilbert method, it is rather direct and in some sense natural, which we believe 
will lead to applications to other systems of orthogonal polynomials. From the dominant term of the 
expansion we derive precise asymptotic formulas for Pn{z) in a case where the exterior Szego function has 
finitely many algebraic singularities in a thin neighborhood of Li. We state our results in Subsections 
11.21 and 11.31 below, followed by their proofs in Section [2l 

I. 1. Preliminaries. In this subsection we introduce some notation to be used throughout, as well as 
the concepts involved in the asymptotic behavior of pn- In particular, we discuss the Szego functions 
associated with the weight h. For a deeper discussion of these functions we refer the reader to Chap. X 
of [19j. 

Given r > 0, we set 

Tr := {w : = r}, := {u; : r < \w\ < oo}, := {w : \w\ < r}. 

If X is a set and f{z) a function defined on K, then K and dK denote, respectively, the closure and 
the boundary of K, and f{K) := {f{z) : z G K}. 

Szego functions. Let f{t) be an analytic function defined on a neighborhood of the unit circle Ti such 
that f{t) > for all t G Ti. The function 

is analytic on C \ Ti. Its restriction to Bi is called the interior Szego function for /, and we denote it by 
Di{w, /). It is univocally determined by the properties 

(a) Di{w; f) has an analytic continuation from Bi to some neighborhood of Bi, Di{w; /) 7^ for all 
w eBi and A(0;/) > 0; 

(b) \Di{w; = f{w) for all w G Ti. 

Property (a) easily follows by noticing that log/(t) is analytic in a neighborhood of Ti, and therefore, 
the analytic continuation of Di{w;f) to Bi is given by the expression to the right of the = sign in @ 
if integration is taken over a circle about the origin of radius slightly larger that 1. Property (b) is a 
consequence of that \Di{w; /)p is the exponential of the Poisson integral of log f{t) (see, e.g., [HI Thm. 

II. 8]). 

The restriction of the function in ^ to Ei is called the exterior Szego function for / and we denote it 
by Df.{w; /). Notice that 

D,{wJ) = = ]_ liiGEi, 

so that D(,{w\ f) is univocally determined by the properties 

(a') De{w, f) has an analytic continuation from Ei to some neighborhood of Ei; De{w; /) 7^ for all 

2; G El and De{oo; f) > 0; 
(b') \De{w;f)\'^ = f{w) for all w G Ti. 
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These considerations can be generalized to an arbitrary analytic Jordan curve Li as follows. Let Qi 
be the exterior of Li, that is, the unbounded component of C \ Li, and let ip = ip{w) be the unique 
conformal map of Ei onto Oi satisfying that ip{oo) = oo, ip'{oo) > 0. 

Let ^ > be the smallest number such that ip has an analytic and univalent continuation from Ei to 
Ep. Because Li is analytic, jo < 1. 

For every r with p < r < oo, set 

Qr ■= V'(Er), Lr '■= dQr, Gr ■= C \ ilr, 

and let 

(f)(z) : fi^ 1-^ E^ 

be the inverse function of tp. Observe that for every r > p, Lr is an analytic Jordan curve. 

Then, given a weight function h(z) that is positive and analytic on Li, the exterior Szego function 
Ae{z; h) for h is defined as 

A,(z;/j):=De(</>(z);/ioV')=exp|^jf log h{0 ^^^^^^^^^^ <P\C)dC | , ^ G f^i, 

which is uniquely determined by the properties 

(i') /S.e{z] h) is analytic and never zero on Ae(oo; h) > 0; 



ii') |Ae(z;/i)|-2 = h{z) for all z € L 



Similarly, any conformal map ip{z) of the interior domain Gi of Li onto the unit disk Di has an analytic 
and univalent continuation to some neighborhood of Gi. Denoting its inverse by 5{w) : Di i— > Gi, an 
interior Szego function Aj(z;/i) for h is defined as 



Ai(z;/i):=A(9^(^);/io,5)=exp|^£ log /i(C)^-t^i^^(^'(C)dc| , z G d, (5) 

which satisfies the properties 

(i) Aj(z;/i) is analytic and never zero on G\; 

(ii) |Ai(z;/i)|2 = h{z) for all z € Li. 

Although the interior Szego functions as defined by ^ depend on the choice of ip, any two of them 
differ at most in a multiplicative constant of modulus 1. Hereafter we shall assume that one such Aj(z; h) 
has been fixed. 

Let p be the smallest number larger than or equal to p such that Ae(z;/i) is analytic on Op. By 
property (i'), p < p <l. Moreover, 

(iii) IS.i{z;h)^^ has an analytic continuation from Gi to Gijp. 

To see this, consider the Schwarz function S{z) of the curve Li (see, e.g., [3]), which is analytic and 
univalent in a neighborhood of Li, and is univocally determined by the property that S{z) = 'z for z G Li. 
Indeed, ^(z) is well-defined all over the band ripflGi/p, where it can be expressed in terms of the exterior 
conformal maps as 



S(z) =7/;(lMz)), zGJ]pnGi/p. 

Let 



z*:=5(z), zG%nGi/p, 

be the so-called Schwarz reflection of z about L\. Then, the analytic continuation of Aj(z; K)~^ from G\ 
to G^Ip is given by 

■■= Ae(z; h)Ae {z*; h)Ai {z*; h), zGGi/p\Gi. 
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The kernel W{(, z). Let (p denote, as above, a conformal map of Gi onto Di, and define the meromorphic 
kernel 

W{C,z):=y^^l^^^y^, CzeG,. (6) 
fiC) - 'Piz) 

That this kernel docs not depend on the choice of ip can be easily verified from the fact that any other 
conformal map (fi of Gi onto Di is related to (p through a Mobius transformation, that is, 

j0 fiiz) - Mzo) 



e^' = v'{zo) (l-|(^i(zo)P)M(zo), 



1 - 'Pi{zo)^i{z)' 
where Zq is that point of Gi mapped by (p onto 0. 

Moreover, if we choose, as we may, a conformal map (p that does not vanish on $7^ PI Gi, then this ip 
has an analytic and univalent continuation from Gi to Gi/^ given by 

p{z) = ^=, zeGi/p\Gi, 

so that W{(^,z) can be extended function 

W{C,z):Gi/^xGyp^C 

in such a way that for every fixed z G Gi/p, W{(^, z) is analytic in the variable C, on Gi/p \ {-z}, with a 
simple pole at z of residue 1. 

We finish this subsection by noticing that positive analytic weights h{z) over Li are easy to generate 
because they are precisely those of the form 



h{z) =V{z)V{z*), z£Li, 
with V{z) a zero free analytic function in a neighborhood of Li. 

1.2. The expansions. Hereafter we will suppress h and simply write Ae{z) for Ae{z;h) and Ai{z) for 
Ai{z;h). 

Fix a number r such that p < r < 1, and for each integer n > 0, let us recursively define the following 
sequence of functions: 

/(0)(z):=l, zee, 

and for all /c > 0, 

/(2fc+l)(^) ,= __L£ /(2'=)(0Ae(C)A,(C)H^(C,^)V^[<^(C)m, Z e Gy,\Lr, 



1 f A2k+l) 



(C)vW)['/>(C)]-"rfC 



, Z eQ,p\ Lxjr 



Let 



:= max 
CeLr 



Ae(C)A.(C) 



A(, := max 



and 



Mr :-- 

so that obviously (verify it by mathematical induction), for all A; > , 



vW)Ae(C)Ai(C) 



-1 



max \W{C,,z)\ < oo. 



(2fe+l) 



iz) 



A^A^M^r^" 



< 



1/r — r 
2" A'M,r2"l^ 



max|VF(C,z)|, z € Gi/^ \ L„ fc > 0, 



1/r — r 



|l/r — \(f){z 

It follows that the two series 



, z EQ.p \ Li/r, A; > 0. 



friz) + fi,'>{z) + /r (^) + • • • + /r^(^) + • • • , ^ G \ Lyr, 

fi'Kz) + fi^\z) + ■■■ + fi''+'\z) + • • • , ze Gyp \ L„ 



(7) 
(8) 
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converge absolutely and locally uniformly in their respective regions of definition, provided n is so large 
that 



2n 



< 1. 



1/r — r 

Let Pn{z) be the nth monic orthogonal polynomial, that is, 

Pn{z) = Jn^Pniz), n > 0, 

where pn satisfies ([T|) and ([2]) . 

Theorem 1.1. For every n satisfying we have 



(9) 



Ae(oo)P„(z) 
[(/.'(oo)]-"-V2 



A,(z)v^[0(z)]"X^/(2^')(z), 



z G ili/^ 



k=0 

oo 



A,(z)v^[0(^r ^ (^) -^^Y^fn'-'^Hz), Z e nrnG,/r, (10) 



k=0 



k=0 



and 



k=0 



7-2 = A,(oo)-2[</>'(oo)]-^^-Ml + E^ 

\ fc=0 •^^1/'- 



Ae(C)A.(C) 



11 



Let us now consider the following slightly different sequence of integral transforms. For each fixed 
integer n > 0, set 

5f(z):=l, zee, 



and for all A; > 0, 



1 

'27d 



Lr 



?r)(C)Ae(C)A,(C)Ty(C,^)vW) [0(C)]"dC, z E Gyp\Lr 



z) f 5r+'^(c)y?(c)[<A(c)]-"-^dc 



2m 



l/r 



Ae(C)A,(C)[0(C)-<^(^)] 



Z G rip \ Li/r- 



Then, 



< 



l/r — r 
|(/)(z)|A,.A;Mrr2"+i 



max|l^(C,2;)|, zeGi/g\Lr, k>0, 



ArA;M^r2"+2 



|l/r-|0(z)|| 
and the following theorem holds true: 

Theorem 1.2. For every n satisfying we have 



l/r — r 



z £ Q,p \ Lijy., k > 0, 



llPn{z) 



Ae(cX))[(/.'(oo)]«+l/2 



A,(.)v^[0(z)]"X;5i''=)(z), 



2: G Ol/^, 



fc=0 

00 



fc=0 ^ fc=0 

^ CO 



A:=0 



/n particular, 



Ae(00)2[,^'(00)]2"+lj;<7(2^')(00) 



(12) 



fc=0 
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Remark 1.3. These expansions have been previously obtained in [7] for Li = Ti. They are the outcome of 
applying the steepest descent method of Deift and Zhou for the asymptotic analysis of a matrix Riemann- 
Hilbert problem solved by the orthogonal polynomials and closely related functions. Theorem \1.1\ extends 
Theorem i o/ [7] , while relation < f7g|) extends Theorem 2 of Our proof of Theorem \1.1\ ( and similarly, 
that of Theorem \1.2\) is direct: call Hn{z) the function in the right-hand side of ilO\) and observe that the 
three expressions that define it in the corresponding components ofC \ (yL^ U Li/^) ^'^c redundant, in the 
sense that they are analytic continuations of each other. Thus, Hn{z) is an entire function with a pole of 
order n at oo, therefore it is a polynomial. Proving that it is orthogonal to all powers of z^ , < m < n, 
is also straightforward. 

Corollary 1.4. Let ri be such that p < ri < 1/p. Then for every r > p, 



Ae(oo)[0'(oo)]"+l/2 

If p < ri < 1, then 

[(/.'(oo)]-"-l/2 27ri 



A,iC)MC)W{C,z).MC)[mrdC + O (r^^-) , z G Gr, . (15) 



Equalities [T4\ ) '^"■'^ f75|] hold uniformly as n ^ oo. 
Of course, and (fH|) are equivalent to 

p„(z)=Ae(z)y^[0(z)f + zeTlr,. (16) 

Formula p6p is due to Szego [19, Thm. 16.5], though he established it with a less precise estimate for 
the rate of decay of the error term. For p < ri < 1, the estimate in (|16p was already obtained by Suetin 
in |17) (see formula (2.16) in there). 

1.3. Positive weights with algebraic singularities near Li. We can derive from (jl5p finer asymp- 
totic formulas for Pn if we know more about the singularities of both the exterior Szego function and 
the map ip. For instance, if h(z) = 1, then Ae{z) = 1, Aj(z) = 1, and the behavior of P„ inside Li only 
depends on geometric considerations and can be determined with great precision, for instance, when dQ^ 
is a piecewise analytic curve, in which case the map ip has finitely many singularities on the circle Tp, 
having an asymptotic expansion about each of them. We will not pursue the analysis of this case here 
as it is very similar to the one already carried out in [8] for polynomials orthogonal over the interior 
of an analytic curve with respect to area measure. Instead, we shall concentrate on a case where the 
behavior of Pn is only influenced by the singularities of Ae(z), which are finitely many, all lying on the 
band Gi H and of algebraic type. 

Let 01,02, . . . ,0^ be s > 1 distinct complex numbers all lying on a curve Lp with p < p < 1. Let 
Ai > A2 > • • • > As be such that Afc G M \ {0, —1, —2, . . .} for all 1 < A; < s, and let u be the number of 
subindexes k for which Ajt = Ai, so that 

Ai = A2 = • • • = A„ > Xu+i > ■■■ > Xs {I <u < s). 

Consider a weight of the form 

s 

hiz) ■.= \Lo{z)\-^l[\z-ak\^^^, zeLi, (17) 

k=l 

where uj{z) is an analytic function on 0,u for some p < a < p, positive at 00 and never zero on Qi U 
{ai,a2,...,as}. 

Let the numbers Pk, CTki (1 < A; < s) be defined from the a^'s by the relations 

Pk ■■= Hak) = pe'^" , cTfc := ae'^" , < Qk < 27t, 1 < k < s. (18) 
Let [ak,Pk] be the segment joining ak and pk, and define (see Figure [1] below) 

:=T^U{pfc : Afc GN}U(UA,0Nkfc,Pfc]), := {z G : </.(z) F^} , (19) 
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Figure 1. Illustration of 9 singularities, ag, a-j and a% are poles. 



so that the exterior Szego function for the weight h in (|17p is analytic on So- with ai, 02, . . . , being its 
only singularities on Lp, since, indeed, 



^,{z)=u{z)\{ 



k=l 



z-ak 



z G So, 



with the branches of the A^-power functions chosen so that [(p'{oo)]^'' > 0. 
An interior Szego function Aj(z) for h is given by 



Aiiz) = Ai {z;\u;\-^) fj 



(z - afc) 1 - 99(afc)v?(z) 



fc=i 



(^(z) - (p{ak) 



zeGi 



In what follows. 



Ok 



and (^) stands for the generalized binomial coefficient, i.e., 

'a\ r(a + 1) 



Ae(z) ^ 1 < A; < s. 



,bj ' r(6+l)r(a-6 + l) 
where F denotes the Euler gamma function. 

Theorem 1.5. (a) For all z eGi\ d^^, 
Ae(oo)P„(z) 



[0'(c3o)]-"-V2 



0, ze Go, 



where rn{z) converges locally uniformly to on Gi\ dT,fj. 
(h) For every 1 < j < s, 

Ae{oo)Pn{aj) _ fn\ 

+0 ^^max{Aj,Ai-l}^n 



(20) 



(21) 



(22) 



aj(t)'{aj)(l){ajY +('^_\Ai{aj) ^ ^ akAi{ak)W{ak,aj)[(l){ak)T^^ 



(23) 



as n —> 00. 

Several remarks are in order. 
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Remark 1.6. The proof of Theorem \ 1.5\ yields the following estimates for the rate of decay of the functions 
rn{z) in [2^1 . // Ai = 1 and u = s, then for every compact set K <Z Gi \ c?So-, there is Q < 5 < 1 such 
that rn{z) = 0(5") uniformly on K as n —> oo. Otherwise, 

rn{z) = l 0{n~^), ii = s, 

O (^n->^*°ii'^i-^"+i>), if Xi^l, u< s, 

locally uniformly on Gi \ as n ^ co. 

Likewise, a better and generally exact estimate for the o-error term in ^2S\} can he easily obtained from 
the proof of though a somewhat tedious case comparison is required. 

Remark 1.7. Many fine results on the location and distribution of the zeros of the polynomials Pn{z) 
follow from Theorem \1.5\f a). For instance: 

(a) For every compact K C ftp there is a number Nk such that if n > Nk, then Pn{z) has no zeros 
on K, and this is also true for any compact K C 0,p\ {ai, . . . , a^} whenever Ai < 1; 

(b) For every compact K C Gp there is a number Nk such that if n > Nk, then Pn{z) has at most 
u — 1 zeros on K , counting multiplicities. 

(c) Let Z he the set of those points t G C such that every neighborhood oft contains zeros of infinitely 
many polynomials Pn{z). Then, ^Ip D Z = Lp. 

(d) Z n Gp consists of those points t € Gp satisfying an equation of the form 

u 

Y,ak^i{ak)W{ak,t)e'^^ =Q, 

k=l 

with angles 9i, . . . ,9u for which it is possible to find a subsequence {nj}j>i C N such that 

e'^^ = lim e^("^+^)®^ I < k < u. (24) 

(e) For each n > 1, let the normalized counting measure of the zeros Zn^i, Zn^2, ■ ■ ■ , Zn,n of Pn, 
that is, fin '■= n'~^ Ylk=i k' where 6^ denotes the Dirac unit point measure at z. Let be the 
equilibrium measure of the compact set Lp, whose value at any given Borel set B <Z Lp is 

f^L,{B) := f \dt\. (25) 

Then, the sequence {nn}n>i converges in the weak*-topology to fj.^^, i.e., for every continuous 
function f defined on C, lim^^oo / fd^n = J fd^Lp- 
Moreover, a result similar to Theorem ^ o/ [7] (see also Theorems 11.1 and 11.2 of [i6jj on the 
separation and speed of convergence to Lp of the zeros of Pn can be also obtained from I122\). 

Statement (a) actually follows straightforwardly from (j22p and the maximum modulus principle, while 
(b) and (d) are also easy if one gets help from Hurwitz theorem. Which tt-tuples {6*1, . . . , 9u} satisfy (p^ 
depends on the specific values of the angles and can be characterized as it has been done in [181 Thm. 
5], [71 Prop. 3] (or, if more details are needed, see [HI Sec. 2.2]). Statement (c) is a clear consequence 
of (e), given that, by definition ([2^ . the support of fi^^ is Lp. The proof of (e) is based on standard 
arguments of logarithmic potential theory: by (a), (b) and ()14p . any measure that is the weak*-limit 
of some subsequence {fJ'nj}j>i is supported on Lp and satisfies 

/ log -d//(t) = / lim log-^—dfinAt) = lim nj~Mog |P„ .(z)|"^ = log |(/)'(oo)/</>(z)|, z G Qp. 

J \z-t\ J j^oo \z-t\ ^ j^oo ^ 



On the other hand, it is not difficult to verify from (|25p that 

log 1^ j_ ^^ dfiLpit) = iog\4>'{oo)/4>{z)\, z G np, 

i.e., the logarithmic potential of /x coincides outside Lp with that of fii^, which, by a well-known theorem 
of Carleson [I5l Thm. 4.13], implies that ^ = ^ip- 
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Remark 1.8. Values of € {0, —1, —2, . . .} are purposely excluded because their corresponding factors 
{z — ak)^'" would not create a singularity (hut a zero) for Ae(z) at a^, and therefore, these factors may he 
simply regarded as heing part of the function h{z). We also note that among the weights defined by (F/\ ) 
are those of the form 



h{z) := \uJi{z)\ ^]^|2-afcp^\ {ai,a2,...,a,} C LpULi 



/P' 



k=l 



with uJi{z) an analytic function on 0,p that is never zero on Qi U {ok € Lp} U {a^ : £ -^i/p} (here 
denotes the Schwarz reflection of Ok about Li). For in such a case, h{z) can be also written in the form 



Jl\j as follows: 



h{z) = \uj{z)\ ^1 Jl \z-ak 



2Afc 1 I Jl 



z £ L-i 



with 



(j){z) - (j){ak) J 



z-al 



2. Proofs 

Proof of Theorem \l.l\ Let us denote by Hn{z) the right-hand side of (jlOp . which is originally defined on 
C \ (yLj. U Lijr), and let us prove that Hn{z) is indeed an entire function. 
Let 

1 / fi"'^'\c)Vnc)[m]-''dc 



H+{z) := ^,{z)^/W)[mT 



fe=0 



2T:ih, ^e{c)^i{c)m) - m] 



z e ill, (26) 



which, in view of ([7]), is well-defined and analytic on ili. This function provides the analytic continuation 
of Hn\^^^ to r^i, which follows from the very definition of -ff^ln^^ > given that for all /c > and z E ^i/r 
(and by deforming L^/^ into Li), 

2vri7,^/^ Ae(C)Ai(C)[.^(C)-0(^)] 27^^ Tl, A,{0 MCMO - 4>{z)] ' 
Moreover, by the residue theorem (deforming Li back into Li/j. in ([26]) ). we find that for every z £ 



H+iz) = A,{z)y^)[cP{zr 



oo ^ 



27ri It , 



fi"'^'\OV¥{C)[m]-''dC 

Ae(C)A,(C)[</.(C)-0(^)] 



^ oo 



A,:(z 



k=0 



that is, the analytic continuation of Hnl^^ to 0,i coincides for values of z € iliOGi/j. with HnlQ^nd 



as defined by (|T0|) . 
Similarly, 

H-(z) :-- 



1 °° 1 r 

T^E^f 4''^(C)Ae(C)A,,(C)W(C,^)7^[0(C)m, ^eCi, 

'^^^ fc=0 -^^1 

provides the analytic continuation of -f^nlcr- ^i' which for values of z G fi^ H Gi coincides precisely 



with Hn 



Thus, Hn{z) is an entire function and 

Hm_^ = Ae(oo)[c/>V)r^/'(l + /P(oo) + /(^)(oo) + --- + /(^^')(oo) + .. 
= A,(oo)[(/>'(oo)]"+i/2. 



z^oo 2: 
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By Liouville's theorem, Hn{z) is a polynomial of exact degree n, whose leading coefficient is 

Ae(oo)[0'(oo)]"+V2. 

Now, from the definition of ^^nl^^nGi/ have 



^ J) Hniz)z"'h{z)\dz\ 



°° 1 r 

oo 

-E^f A'''''Hz)-7^\{z)-'h{z)\dz\, 



SO that Theorem 11.11 will follow at once if we show that 

^ / ,Mz)[cl>{z)ri^fi'''\z)A,iz)hiz)\dz\ 



( 0, 

A,(oo)-i[0'(oo)]-"~i/2, 



27ri 



l/r 



Ae(C)A.(C) 



< m < n, A; > 0, 
m = n, k = 0, 

m = n, k > 1, 



(27) 



and 



— <{ fi^''^'^Hz)¥^Ai{z)-^h{z)\dz\ =0, n,m>0, > 0. (28) 
First, we obtain by making the change of variables z = 'ip{w) that for all < m < n, 
1 



27r 



y^)[^{zri^fi^'^\z)A,{z)h{z)\dz\ 



2tt 



1-2 



Ae(V(^)) 



w^fi^'^ijiwWwl (29) 



where we have used that for z € Li, h{z) = \Ae{z] 

Now, the function {w)[4!{w)]"^ / Ae{il>{w)) is analytic on Ei \ {oo} with a pole of order m at oo, so 
that from its Laurent expansion at infinity we obtain that for certain coefficients aj (that depend on n 
and m). 



u;" = Ae(oo)-M</.'(oo)] 



1 + ajw^ I , w £Ti. 



(30) 



On the other hand, from the definition of fn^\z) for A; > 1 we see that 

/i''''Hc)\/?(C)['A(C)]-"dC 



1 

27ri 
1 



l/r 



Ae(C)Ai(C)[.^(C)-H 

/r"'^(V'(t))t'"vW)'^^ 

27ri JtTi,. Ae{m)A,{^{t)){t-w) 



is indeed analytic in all of C \ T^/^,, and we obtain from its Taylor expansion about that for certain 
coefficients hj (that depend on n and A;), 

h bjw' , G Ti. (31) 



/(2'=)(^(«;)) = — 

27rz ./^ 



1 



l/r 



Ae(C)A.(C) 



Taking into account that fn\z) = 1, we then get (f27|l by combining (f29l) . (130]) and (f3T]) . 
Similarly, if 99 is a conformal map of Gi onto Di and 6{w) is its inverse, we have 

fi''+'\z)1^Aiiz)-'hiz)\dz\ = ^<f /(2^'+i)(d(t.))7n^v^[^H]'"A,(<5(u;))|du;|, (32) 



27r 



27r 



where we have used that for z G Li, h{z) = |Aj(z) 
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On the one hand, ^yW{w)[5{w)]'^Ai{6{w)) is analytic on Di, and from its Taylor expansion we obtain 



y^6'{w)[6{w)]'^Ai{S{w)) = J2cjW~^, weTi. (33) 

j=0 

On the other hand, from the definition of fn^~^^\z) and ([6]) we have that 

is analytic on C \ ip{Lj.) D Ei and vanishes at oo, so that its Laurent expansion at oo restricted to Ti is 
of the form 

CO 

fi''+'H6{w))y^6^)=^djw-^, weT,. (34) 

Thus, follows by inserting ([MD and ([MD in ([M])- □ 
Proof of Theorem ] 1.^ Proceed just as in the proof of Theorem ll.il above. □ 
Proof of Corollary \1.4\ Let ri and r be such that p < ri < l/p, p < r < min|ri,r^^}, so that L^^ C 

By inequalities ([7]) and (l8|), we see that 



fc=i 

oo 



„3 



A^A;M, max(^^,)g^,.x^^^ \W{C, z)\ 



p(2fc+2)/ N 
In \^ ) 



(l/r-r)AXMr ^ ^ J 

(l/r-ri)(l/r-r-A^A;M^r2")' ^ ''i' 



A:=0 

and we obtain from Theorem 1 1 . 1 1 that 

[^M]--'/^ ^ A,(z)v^[<A(^)]" - A.(.)-V(^)(^) + O , ^ e in- (35) 

Given that, again by ([7]), fn\z) = O (r") uniformly in z € as n — > oo, we get from (I35p that ()14p 
holds uniformly in z G , and by the maximum modulus principle for analytic functions, it also holds 
on Qr-i- 

If now ri < 1, then from the definition of fn^ {z) and the residue theorem we obtain that for all z £ Lj.^ , 

fl^'\^) = -^^f Ae(C)A.(C)TV(C,^)vW)[0(C)K 

= Ae(z)v^[</'(^)r-^4^ / Ae(C)A,(C)H^(C,^)vW)['/'(C)r'iC, 



which together with (I35p yields that (jl5l) holds for z € Lr^ , and again by the maximum modulus principle 
for analytic functions, it also holds on . 

Equality (jl3p follows, for instance, from (jlip and ([7]), or from (|12p . □ 

Proof of Theorem ll.Si We first prove a proposition that will help the proof of Theorem [T3] to go through 
smoothly. The following notation will be used. For each 5 > and t £ C, 

Ds{t) := {w:\w-t\< 5}, Ts{t) := {w : \w - t\ = 5} = dDs{t). 

Let < cr < /3 be given numbers, and define 6 := p — a. Suppose that v{t,z) is a function of two 
complex variables that is analytic in the variable t on the closed disk D25{p) for each z £ E {E certain 
set), and that 

sup||f(i,z)| : {t,z) G D25{p) x £;| < oo, 

so that, by the Cauchy integral formula, we also have that for every integer > 0, there is a constant 
< Mp < oo such that 



\dPv{t,z)/diP\ < Mp, {t,z) G Ds{p) X E. 
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For /? G M \ {0, —1, —2, . . .}, let the function {t — p) ^ be defined for t € C \ {—oo, p] according to the 
branch of the argument 

— TT < arg(i — p) < TT , tGC\(— oo,p], 

and let 

(,t-p)-J:= Jim (z-py^ {t-p)-^:= lim {z - pY^ tGC\(-oo,p], 

denote its boundary values from either side of the semi-line (— oo,p]. 
Proposition 2.1. With the notations above, and for every integer n > 0, we have 



1 



2TTi 



{t- p)-^t'^v{t,z)dt 



Tsip) 



n 



vip,z)p 



n-/3+l 



+ 



0, 

O (n^'^p'-' 



if P=l, 
if Pt^I, 



(36) 



uniformly in z & E as n ^ oo. 

To prove the proposition, we first observe that for every integer p > 0, 



dP [v{t, z)t''] 



dtp 



E 

j=0 

OinPt 



p\ dP-Hit,z) ^^_, 
jj dtP-i 



t"-^'n(n+l 



if p = 0, 



P /„x .A J n!t"-Pt;(t,z) r 0, 

~ r(n + 1 - p) ^ \ O {nP-H'') , if p > 0, 

(37) 

uniformly in z £ ii^ as n ^ cx). 

Therefore, if /? is a positive integer, then we obtain from the Cauchy integral formula and (j37p that 

1 9^-1 [v{t, z)f' 



I 



(/?-!)! dtP-^ 



t=p 



n 



v{p, z)p 



+ 



0, 



if /? = 1, 



O (n^^-V") , if /? > 1, 



(38) 



uniformly in z € ii^ as n ^ cx). 

Next, consider a (3 that is not an integer. Let (3 be the smallest nonnegative integer not less than /?. 
Consecutive integrations by parts over Ts{p) yield 



/3 



/ = — y ^-^ [i;(t, z)P] 



(^-/^)r^-(^-p): 



+- 



{-if 



90 



{t-pr-^^[vit,zr]dt. 



(39) 



We can now deform Ts{p) into the two-sided segment [c, p] without altering the value of this last 
integral, and so obtain from (j39p and (|37p that 



1 



P r 



sin(7r(/?-/3))n!p"-'3+i 



(t-p)l-{t-p) 



13-/3 



^r(n-^ + i)nf=i(/3-0 -^-/p 

On the one hand, there is some constant Mi > such that 

dv{w, z 



(1 - x)^-^x"-^ [v{px, z) + {n-^)] dx + O (n^^-V") . (40) 



\v{t,z) - v{p,z)\ < 



dw 



-dw 



<Mi\t-p\, {t,z) € Ds{p) X E. 



(41) 



On the other hand, for every integer n > and real a > —1, we have 



cr/p 



(1 - x)"x"dx 



1 - x)"x"dx - 

r(a + l)r(n + l) 
r{n + a + 2) 



a/p 



(1 - x)"x"dx 



+ 0{n-Ha/pr) 



r(a + l)(l + o(l)) 



n 



a+l 



(n — > oo), 
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SO that by (|iT|) . 
-1 

(1 - [v{px, z) + (n-i)] dx 

lajp 

j{p, z) C (1 - xf-'^x^'-'^dx + C O f (1 - dx+ f 0({l- dx 

Ja/p Ja/p ^ ' Ja/p ^ ' 

r(/3-/? + i)r(n-/3 + iMp,.)^^, ^^^^^^ ^^^^ 



r(n-/3 + 2) 

Then, from (jlO]) and ([^2]) . and taking into account that 

r(/? - - /3 + 1) = . , r(/3 - ^) n(/? - = r(/3), 

sm(7r(/3-/3)) ^-^ 

we obtain that (j36|) also holds if /3 is not an integer. 

Having proven the proposition above, it is now easy to prove Theorem 11.51 Let us start by fixing a 
number a with p < a < p and such that uj{z) is analytic on VL^j. Let the corresponding points pk, (Jk 
(1 < k < s) and the sets Fq- and So- be defined as in (fT8]) - p^ . 

Let E C Gi n T,(j and F C be compact sets, and let p < ri < 1 be such that E C Gr^. Then, 
according to (fT5]) . we have that for all z € G^ D E Li F Li {ai, . . . , a^}, 

Ae(oo)P„(z) A,(z)-i 



6'(oo)]-"-V2 27rz 



Ae(V'(i))Ai(i/'H)VF(^(u'),z)7#Hu;"d'u; + 0(r^p3'^/2A ^ (43) 



Choose a such that a < a < p, and if 5 := /9 — a, then the closed disks D25{pk), ^ < k < s, are pairwise 
disjoint, and 

D2s{pk) C Di n Eo \ {(/-(z) :zeE}, I < k < s. 

Define 

afc:=CTe*®^ 1 < /c < s, 

and the positively oriented contour 

Co := To U {Ux,^NWk,^k]) U (uU^Tsipk)) , 

where each segment [0"^,?^.] is viewed as having two sides. 
Since io{z) is analytic on Oo and 

A.,,,.)) . n (;^) n (^(;^^) ^ « \ («) 

we have that for all z € -E U F U {oi, 02, • • • , Os}, the function (in the variable w) 



F{w, z) := AMw))\{i,iw))W{ijiw), z)^/i>'{w) (45) 

is analytic on 

{w : a < \w\ < 1}\ To 

(with the exception of the point (/)(z) in case z ^ E, where it has a simple pole) with continuous boundary 
values on Ti U To \ {pi , p2, • • • , Ps} when viewing each segment [uk, pt) as having two sides. Consequently, 
by deforming in (j43p Ti into (and applying the residue theorem in case z G i?) we obtain that 

Ae(00)Pn(z) _ r Ae(z)vW)[</'(^)]", ^ € 

[(/.'(oo)]-"-V2 \ 0, z G FU{ai,a2,...,aJ, 



A.(z)-i 
27ri 



F(?i;, z)«;"(it/; + O {r'lp'^'''^^ , 



Ai(^)"^y"— / F(ti;, z)^;"^^; + O (a") + O fr^^p^^/^y z e ^ u F U {ai, . . . , a,}. (46) 
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If we now specify 

- TT < arg(t - p) < vr , teC\{-oo,p], (47) 
- ^ < arg(t) < vr , i G Ihsip), (48) 
we see from ()44p . ()45p and dH) that for every 1 < /c < s, 

F(^e*®^z) = e-*^'=®'=(i-/')~^'^fc(i,^), z G ^ U F U {a,- : j / A:} 



where Fk{t, z) is analytic (as a function of t) on the closed disk D2s{p) for every z € EU FU {pj : j / A;}, 
and 

F,(p, z) = pI^ [</.'(afc)]^'=-i/2 A,(afc)l^(afc, z) lim | f^iiL") ' Ae(z) I . (49) 

z~*ak \^\z-akj J 

Hence we get from the proposition proven above that for every z ^ E L) F L) {aj : j ^ k}, 

1 r pj(n-Afc+i)©fe r 
(p F{w,z)w'^dw = * {t- p)-^'^eFk{t,z)dt 

^ \tP f \ n-Xk + 1 , / 0, if Afc = 1, , . 

Thus, part (a) of Theorem O follows from (06]), (gSD and ([50]) . 

Part (b) follows similarly. The function W{ip{w),aj) is analytic in {w : o" < < 1, w ^ pj}, with a 
simple pole at pj of residue (p'io-j)j and with the specifications and (|48|) . we have 

F(^e*®^a,) = e-*(^^+i)®^ (t - p)-^^-^ U,{t), t eD^\[a,pl 



where Uj{t) is analytic on D2s{p) and 




UM = p'n^'ia,)]'^+'/'Ma,) lim_ A,(.) , (51) 



so that 



1 /• gi(n-Aj)0j 



— F(7i;,a,)u;"d?i; = 6 {t - pY^^'^ f'UAt)dt 

= (;Jf/.(p)/'r'^+o(n'^^v), (52) 

and part (b) of the theorem follows by combining (|i6]) . ([50j) . (j5T|) and ([52|) . □ 
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